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TAYTOTHTEX

Opwopdg
Tavtdémra o€ éva GUVOLO ,KoAeiton o ponpatikn Tpotact mov yapaktnpileTar aAndng yuo
OTOLOONTOTE TN KOl AV TTAPOLV OO TO GOVOLO AVTO , 01 TOPELETPOL TTOL OVTN TEPIEYEL .

"Etot tavtdtnteg 610 60voAo TV mpaypatik®v aplfuav E kododue exeive Tik podnuotikég
TPOTAGELG TOV givorl aAnBelg , OO0 TPAYUATIKN TN KoL OV TAPOVV Ol TAPEETPOL TTOL OVTEG
TEPLEYOLV.

Ot tavtdtTeg oL EYovpe dwwaybel oy [ T'vuvaciov giva:
. (0 + B)* = o + 2-0-B + B>

2). (a—B)*=a’—2-a-p+p>

3).(a+p+y)’=o’+ B+’ +2.0p + 2By + 2y
4). (a+ By =a’+3-a>B+3-a-B* + B
5).(a-B)Y=o—-3a"p+3ap’—p

6). o> = B> = (a— B)(a + B)

7). &’ =B =(a-B)(o’ + a-p+B?).

8). o’ + B = (a + B)-(o’ — - + B7).

9). (x + & )-(x+ B) =x"+ (art B)-x + @B

10).(x — 0)-(x — B) = x> — (e + B)-x + a-P.

[Hapanpnoelg 6T TaVTOTNTES:

1). Av 1ig tovtomeg (o + ) = o + 2-a:B + B2 ko (o — B)* = o — 2-a-p + B
T1G TPOGHEGOLLE KATA HEAN 1) TIC OPOUPEGOVLE , TOTE TPOKVITTOLV O1 YVMOTEG TAVTOTNTES TOV
Legendre, mov 1 yprion Tovg 011§ AoKNGELS eivar , OTmg Oa dovpe , peydin . 'Exovpe Aomdv :

(0+ B =’ +2-0-B+ P, ko (a—P)>=a?—2-0-f+ P> pe kotd péhn mpdodeon Exovpe :

(a+B) +(a-p) =2(o’+p.

(0+ PP =’ +2-0-B+ P> kou (00— P ) =a>—2-0-f+ P* pe kard péAn apoipeon £xovpe :

(a+B) —(a-p) =4ap.

And TV towtotro (o + B)? — (o — B)? = 4-a-B, TPOKOTTOLY V0 aKOWN TOAD YPHGIES HOPPES :

(@—B)’=(a+P)’ —40p xu (a+p)’=(a—-p) +4ap.

2). Av ot tavtdta (o + B+ y)? = a + B+ y* + 2.0 + 2-B-y + 2-y-a Oécovpe :
a). Omov B 10 —B , t0tE éyovpe : (0 — P+ 7)Y =0 + B> +vy* - 2-0-f — 2:B-y + 2yt
B). Omov v, t0 —y ,avtictoya : (o + P —7v)> =a’+ B>+ 7> + 2-0-B — 2-p-y — 2-y-a
v). Kot 6mov B, 10 —f o émov v, 10 — :
(@=B=v) =(B+y-o) = +B+y +20p+2py+2v0
Apnvovupe Tig amodeiEelc cav Aoknon.

3). T v tavtdtyro (o + B)° = o + 3-0>B + 3-0-B° + B
"Exovpe (ypaopovtag mpdta to de0TEPO HEAOC) :
o’ +3-a’B+30p + B =(a+ )’ = o’ +3ap(a+ P+ =(a+p)’ =
=o'+ B = (a+p)’ - 3ap(atp).
Av gEaxorovOnoove T Tpaelg Tdte Ba amodeiEovpe TV TaLTOTNTA
o + B = (o + B)-(oF — a:p + B*) mov GTV TPOTYOVLEVT TEEN ATOSEUCVOALLE KAVOVTOC TPAEELG
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Eexvavtag omd To 0EVTEPO LEAOG KATAANYOVLE GTO OEVTEPO.
Mpéynort égovpe : o +B° = (a+B)’ = 3-0f(a+p) < o’ + B = (@ + P)[(a+ p)’ - 3-ap] =
=o'+ = (a+ B[’ +20p+ B - 3ap] o o’ + B = (a+ B)-(o’ —a-p +p7).

4). T v towtdmra : (o — B)° = o’ — 3-0%-p + 3-a-p> — B°, éxovpe avtiotorya :
o — B’ = (0 - B)’ + 3-0-B-(c — ), an' 6TOV pE AVTIGTOL(EG TPUEELS KATOATYOULE GTIV TAVTOTNTAL

o — B’ = (o - B)-(o” + P+ B

5). Tevikd y1a kéBe puoKd v = 2 1oYvEL

o =B = (a=B)(@” + o B a4+ BT [v-opor]
v kéBe puokd meptttd v > 2, 1oyvet :

a\/ + BV — ((1 + B).(a\/—l _ av—2'B + (lv_3‘B2 R (_I)V—I'BV—I. [V—OpOl]
v kéBe pvokd aptio, v> 2, 1oyvetL :

o' -B'=(@+ By —a PP o =) [v-opot]

Tavtdmreg 6t0 GHvVoro TV [paypatikedv ApOudv (B népoc)
B0 CLUTANPOCOVLLE TIG YVDOGELS UG GTO KEPAALO TOV TOVTOTHTMV TOV 16YVOVY 6TO GUVOAO M |, e
HEPIKES amd TIG O PAGIKEG TOVTOTNTEG TOV 1GYVOVV GTO GOVOAO QVTO.

1). Na amoderyfotv ot tavtotnreg : (KukAikég [apaotdoeig)
). a-B-7)+tpy—a)ty(a-p)=0.
ii).o (B =) + BH(y — @) + Y (a = B) =—~(a— B)-(B )y — ).
iii).o:(B* = v%) + B-(v* — o) T y-(o” = B*) = (0= B)-(B — V)-(y — ).
iv).a’-(B =) + By — @) + v (@ = B) = ~(a—B)-(B—)-(y — 0)-(a + B+ 7).
V). af(@-P)+ByB-v tyo@y-—o)=—(-p)-B-vF-o.

Amoodeitelg
. oeB-N+py-ay+y@-p)=ap-oy+py-ap+ay—-oap=0.

i).o”(B—y) + Py — @) +y(a—P) = o*p— oty + Py —ap’ +y (0 - B)=
= o-B-(0 — B) — v(¢’ — B?) +v*(a — B) = a-B-(c. — B) — (ot — B)-(at + B) + (e — P) =
=(@=B)[oa@B-v)-yB-v)]1=0@=B)B-7)@-y)=—(0-PB)B-7){ .

ii). (B =) + B = 0*) + 10 = B*) = 0’ @y’ + By’ — B+ -0~ B)(a+ ) =
= —a:f(a.— ) (@~ B) + 7:(0~ B}(o + ) = ~ocBo(e— B) = v(a.~ B) + (- By(e + ) =
=(@= By~ B =7 + 1@+ B)]=(@—B)—ap—y +ay+py]=
= (@ = Byl-a:(B—1) + 1B =] = (@ = B}(B— 1~ .

iv). > (B-y) + P y-) +y(a-B)=a’ -’y + Py —ap +y(a-B)=
=ap(a’ =B )—y(o’ - ) +y(a-P)=
= a-B-(o — B)-(at + B) — y-(a = P)(&’ + @B+ B+ (a—P) =
= (o0 — B)-fo-p(a+B) —y(’ +ap+P*)+y 1=
= (a—B) [0’ B+ B> — o’y — By - By + '] =
= (o - B)[e(B—y) + aBB—v) -y (B =y )] = (a—B)(B—y)[e’ +aB—y(B+y)]=
=(@-PB)rPB-y[e’+aB-By—v 1=(a—B)PB-)(@—7)F+o)—p@F-a]=
= (o= B)(B— ) [~(v — a)(y + &) = B-(y — )] = —(at — B)-(B — 7)-(y — &)-((c + B +7)).

V). a:B(a—B) + By-(B =) + y-ou(y — @) = a:pr(a — B) + By — By’ + ay’ — oy =
= a(a=B) =@ = B) +y (= B) = (a - Brap-y(@+p) v ]=
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=(@-pyop-—ay—By+v’' 1=(@-Pla@-1-rB-1)]1=
=(@-B)B-y)(a-y)=—(a-B)B-7){ - o).

2). Na amodetyfei n tovtotnTa
@+B+y’ =’ +p +y +3(a+P)-B+y-(y+a)=
= a3 + B3 + fY3 —+ 3&2.3 —+ 3'0.'B2 + 3B2'Y —+ 3BY2 —+ 3.'Y2.(x + 3.'Y.a2 + 6(1[37

AmodeIEn

(@+B+y)=[(a+P)+yP=(a+BY+y +3(@+B)y[(a+p)+y]=

= + B +30p(atP) Ty +3y(atB)(atpry)=

=+ B +y 3@+ B)laB+y(a+Bry)=o’ +p +v +3(a+p)lap+ay+By+y]=
=’ + By 3@+ BY[B(y + o) Fy(y )] =0 + By + 3 (a+ P)(B )y + .

3). Na amoderyBobdv ot TovtoTNTES !
). (x—a)-(x = B) =x* = (¢ + B)-x + a-p.
i).(x = @) (x = B)-(x =y) =X — (@ + B+ y)-x+ (@B + By +y0)x’ —opy

AmodeIEn
). (x - a)(x—B)=x>—o-x — p-x + 0-f = x> — (o + P)x + a-P.
ii). (x — 0)-(x = B)-(x =) = [’ — (0 + B)x + a-Bl-(x —y) =
=x* —yx> = (a+ P)x>+y-(a+ B)x + oa-P-x — o-By =
= x> = (a+ B +y)x+ (@B + By +y-0)x — a-y.

4). To duwvovpo Tov Newton kat to tpiywvo tov Paskal
((1 + B )V _ av +V'(XV_1'B + V(V_l) _aV—Z_BZ + V(V—l)(V—z) 'O“V_3'B3 ...+ BV-
1-2 1-2-3

[Ma to avantuypa tov dtwvdpov tov Newton 16yvovV T EENG :

— Avantdcoetor o v + 1 povovopa opoyevn, fadpod v.

— T Tov ouvtedest| TOV KABE LOVOVOLOV , TOALOTAAGIACOVILE TOV GUVTEAEGTY] TOV
TPONYOVLEVOL LOVOVOLOL e ToV Bafpd Tov o Kot dtopodpe pe TV B€6mM ToV LOVEOVOILOV
OTO OVATTVYUA ,TOV EVOL YPOUUEVO KATE TIC KATIOVGES SVVAELS TOV O

— Ol GLVTEAECTEG TV LOVOVOUMV TTOV IGOTEYOVY TOV akpoinv , glvor icot .

Tpiywvo tov Paskal

o+p 1 1

(@+p)Y |1 2 1
(@+B) |13 3 1
@+p) |1 4 6 41
(@+B) |1 510105 1
K.AT

Anhady (a+ B)° = o’ + 5-a*p + 10-a’-p> + 10-0*-p> + 5-a:p* + p°

5). Na aroderyfei n tavtdTTO !

a2+BZ+Y2—a'B—B'Y—Y'0ﬂ=%'(OﬁB+Y)'[(0t—B)2+(B—Y)2+(Y—0t)2]-

AmodeIEn
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o +B Y —op-py-ya= % [2-0° +2:p7 + 297 = 2-0:B - 2By — 2:y-a] =

fo® = 2-ap + B>+ B> = 2By +7* +y’ - 2ya+a’] =

N~ |-

[@=B)?* +B-v" + -]

6). Na amoderyfel n tavtotta : (Cauchy — Euler)
o+ By =B apy=(at Pty + Py —aB-Py-yo)=
= % (a+B+y)la—-BY’+B-1’+ -0l

Amdoedn

o + By’ =3By =(a+ By - 3ap(at Pty —3apy=

=(a+PB)’ +7° = 3-ap(a+p+y)=[(a+p)+y’ -3[(a+p)+yl(a+B)y—3ap(a+p+y)=
=(a+B+y) 3(a+B+y)r(a+p)ry—3ap(atrpry)=

=(a+B+y)[(a+B+y) -3(a+p)y—3wp]=

= (a+BHy)fo’ + B2 +y° +2:0B + 2By + 2y-0 = 30y = 3By — 3P ] =
=(a+B+y)fa’+p +y —aB-By—ya]=

Z(OHLBJFY)'%‘[(G—B)2+(B—Y)2+(Y—Ot)2]: 2(a+BHy)a—p>+ B-v'+@F-a)].

7). Av o+ B+ 7y =0 ,161€ va omoderydei 6L woyve : o + B + v = 3-a-By.
(Zyono : TIpopavag 1oyveL 1| ATOOEIKTEN OV oL = B = V).

Amddeitn

o’ TpOmog

Apkei va amodeitovpe 6tLov a+ B +v =0 ,10te o + B>+’ — 3-0-B-y = 0.

Opag o’ + B+’ = 3apy = %-(wﬁm-[(a—B>2+(B—y>2+(y—a>2]=o, apod a+B+y=0,

Gpa TpoPavAS oyvEL 1 (ntovpevn oxéon.

B" tpdmog

Ioyveto+B+y=0,apa(a+p+vy)>°=0,

opog: (a+B+y)° =0’ + B +v +3-(a+ BB+ )y + o)
Apa o’ + B+’ +3-(a+ B)-(B+7)-(y + @) =0.

a+p=-y
Anda+B+y=0= Jf+y=—a;.
yta=-p

Apad’ + B9 +3(=p) (- (P) = 0= &’ + By = 3aBy=0d’ + By =3-aBy.

v’ tpdmoc (oyoAtkov BifAiov:
atBty=0=a+p=—y=(a+py=(=)’ =’ +p +3apla+p)=-7,
oMb o+ P=—7y

= o+ B3 + 73 +3-0-f(-y)=0= o’ + [33 + y3 -3apy=0= o + B3 + 73 =3-a-B-y.
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8). Av oyvet o + B +7° = 3-a-B-y, 161€ Vo amodeifete ot a+ By =01 a=p=1.

Amdoedn

o + B+ =3By, Gpo o’ + B+ v - 3-0-By =0 ,6pa

2(a+B+y)[(a—B’+ B -y’ + (-’ ]=0 .0 6mov

atBry=00 [(a=B)+B-1)’+@F-0)’]=0,dpa(a-B)=(p-y) = -a)=0,
onAaon a =P =vy.

9). Tavtotnta Lagrange ywo téccepic ko €1 apBpovg No amoderydel ot 1oyvet :

. (@ B)GC+y) = (@x + By’ = @y — B’ = | € .

2
a
p +
X y‘
Xyoho: o pabovpe oto 3° Kepdrato 6t opilovoa tmv a, B, v, & cupBoAileton kot koAgito n

§:a5—ﬂ7/.

2

Yy o

ii). (07 + B2+ 7))-( +y* + 07) = (ax + By + y0)’ = :
o X

2
ﬁ7+
Y @

TopAoTOCT

Amdoedn
D).+ ) +y7) = (@x £ By)’ = ol + olyt + Bx7 4 By — (o0 k7 + By 2ox By ) =
= az.XZ + az.yz =+ Bz.xz —+ Bz.yz — az.xz — Bz.yz — 2.axﬁy = az.yz —+ BZ-XZ — 2.a.y.B.X =

—@y-por=|" 7.
y

a
X

i) + B2+ ) (x* + '+ 07) — (ax + By + o) =
— 0.2‘X2 + a2.y2 + (12'(02 + B2‘X2 + Bz.yz + B2‘0)2 +y2.X2 + Y2‘y2 + ’Y2‘0\)2 _
— (az.xz + Bz'y2"Y2'0)2 + 2(1)([3}/ + 2Byfyw + 2'Y(DU,X) =
= az.yz —+ (XZ.(DZ + BZ'XZ =+ B2-602 —+ 'YZ.XZ —+ 'Yz.yz — 2axﬁy — 2Byy0\) — 2"Y'(D'(X,‘X =
2 2 2
a B By @
X Yy Y w

+ .
o X

=(ay = Bx)’ + (B0 - vy + (yx - a0) =

10. TawtéotnTa De Moivre Na amodetydei Tt ioyvet :
of + B +yt - 2077 - 2%y’ - 290’ = (@ + B+ V(@ -B-N(@+P-1)(a-B-Y).

AmodEIEn

ot + B4 + Y4 _ 2'0‘2'[32 _ 2'32'1’2 _ 2‘72412 _ (a2 _ Bz)z + Y4 _ Y2.(2.[32 + 2.(12) _
= (- By (a+ P’ +v v [(a+B )y Ha-B) 1=

= (- B @+ B’ +v -y (a+ B’ =y (a-Pp)=

= (a+ B [(a - B =1 -y [(a—BY —¥’1= (e - B =¥’ T[(a+B)’ —v’] =
=(@=-B+y)-(a—B -7+ p+y)-(a+tp-1).
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AYMENA ITAPAAEII'MATA

[Mopaderypo 1

No amodeydei 6Tt woydet : (o + B2 — (2-0-B)* = (o — B2

Amdoedn

(@ + B2 — Q-a-B) = (o + B — 4B = a* + 202 + B* — 4022 = o — 202 + B* = (o — B)?
Edv kévoupe yprion g tawtdtntog (o — B) = (a + B)* — 4-a-P 10te T0 GLUTEPAGLLO EDKOAN
npokOTTEL av B€covpe avti o to o kot avti f o BT .

[Mopdostypo 2

o ) s [ x(x+1) ’ X-(x—1) ’
Noa amoderyBel 611 oyveL: X = 5 — 5 .
Amdoeen

2

(X'(yl)]z _[X'(z—l)f 0 :XTZ.(H )2_"?.@(_1)2 - X?z-[(x+1)2 —(x—1)2}=§-4x:x3

(Kévape ypron me tavtomrag (a + ) — (o — B)* = 4-a-P 0étovteg 6mov a 1o X kar 6mov P 1o 1)
Noa amodetydel o1t :

(a+PB)’ (a-P)-(a* - B*) =20p(a’ - B*)

[Mopdderypa 3

No omoderyfei 611 : (o + B )’ (o0 — P) — (o — B*) = 2-a-p-(a — B?).

AmodeIEn

(a+B)(a=P)— (o = BY) = (a+ By’ (o + B)-(a — B) — (¢ = p*)(’ + B*) =
= (a+P)* (o = B7) — (&’ = B)-(o® + B*) = [(a + B)* — (¢’ + P*)](0” — B*) =
= [(0” + 2-0:B + B = (o + B*)]-(o” — B*) = 2-0B-(o” — B7).

[Mopdaderypa 4

Noa amoderyfel ot :

200 -P - +2B-)B-y+2@-Pa-pP=(@-p°+ -y’ + -’

Amdoeén

Ioyvet :

(a=-B)+P-v+F-w)=0,dapa:

[(a-B)+B-N+GF-a) =0

S [(@-B)’+B-7)’+F-0)’+2@=B)-B-1)+2B-Ny-a)+2(y—-0)(a-p) =0
S @-p’+PE-1’ -0’ =-2(@-B)B-7)-2:B-7F-0)-2(y-a)a-p) <=

S @-pP+ -1+ G- =2:B-0a)-B-y)+2( =By - +2(-7y)(a-p).
(Kavape xpnon g tavtottog (o + B + y)2 =+ Bz + yz + 2-0-B + 2-B-y + 2-y-0.

Bétovteg Omovatoa—PB,ftoPf—yKouytoy—a)

TMopdderyuo 5

No amoderydei 6t : 4-y-(a+ B) + (o +  — y)2 =(a+p+ Y)z-

AmdoeEn

Eoppoyf Te tantdmrog : (o — B)* + 4-0-f = (o + B)* , B&tovieg 6mov a 10 o + P kot 61ov P 10 7.
Edv 8élovpe va ddcovpe amddein ympig va facicbolie oty mopomdve TouToTnTe TOTE
UTOPOVLLE VO, YPAWOLLLE :

Ay(a+P)+(atB-y)’=4y(a+P)+[(a+P) -y =4y(a+p)+(@+p)y’-2(a+p)y+y’ =
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=@+ B+ 2@+ Py +y =[@+ P +y ] =(a+p+y)

H amdoe1én opmg avtn detyvel 6t o AOTNG £xel vt dGYv TOL TNV TAVTOTNTA
(= B)’ +40B=(a+p).

Mo ALY amodelEn aveEaptnn amd TIg VO TPONYOVUEVES Elvat
4y(a+tp)+(atP-y)’=dyatdpy+o’+p+y+2ap-2py-2y0=
=07 By 20B+ 2By + 2y 0= (at By

[Mopdderypo 6

Noa amoderydel : a-(a — 2-[3)3 -B(p - 2-0)° = (o — Bz)-(a + B)z.

AmodeIEn

o(a-2B)’ - BB -20) = af(a-2p) - BT’ + p(2a-p)’=

(Ba kGvovpe xpHoN ™ TAVTO™MTOS (X — Y)’ =X — ¥ + 3-X-y-(X + ¥))

oa-[(a—B)* = B+ 3-B-(a = B)-[(a = B) = ]I + B[(@— B)’ + &’ + 3-a-(ct = B)-[(ce = B) + ] ] =
= 0:(a—B)’ - B+ 3-ap(o— By(a—2-B) + Br(a— )’ + B + 3-oP(o.— B0~ B) =
=(a—B)(a+P) + ap(a’ - p7) + 3-a-B-(a - B)-[(a = 2p) + 2-a — B)] =
=(a=B)(a=B)(a+P)+ap(o’ ~ ) +3ap(a—P)a+p) =

=(a=B )@~ )+ af (o = B) + 3ap( @’ —B) = (o’ ~ B)l(@—B)’ +ap+ 30p] =
= (o’ =B [(a—B) +40B]=(a’ - p)(a+p)

Iopdaderyuo 7

No amodeydei : (o — B)-(a + B)-(B* + o) — (¢ — B* )* = 2-B-[o*(a + B) — (&® + B)].

AmodEIEn

Oa amodeifovpe 6tL T0 o' PHEAOG KOOMG Kot To B' LEAOS OTAOTOIOVUEVO KATAATYOUV GTNV 1010
akppmg mapdoctaon . [Ipdypatt , Exovpe : o' pérog :

(0= B)-(a+ B)-( B* +a®) — (&’ = B* )’ = (o = B°)-(B* + o’ — (o = B* ) =

= (= B)[( o’ + B7) = (@’ = B)] = (o = B*)-(o” + B* — o + 7 ) = 2.(o” ~ B°).

B" péog :

2B [0’ (a+ ) — (o + B = 2o’ + 0’p — o’ — B = 2B-(” — B’ ) = 2:*(o ~ B).

[Two dvokoro givar va Egkiviicovpe amd To Eva LEAOG Ko Vo KATOANEOVE 6TO AALO
YPNOLOTOIDVTAG 160TNTEG . DVGIKE VTOG O TPOTOGS , AV Kol SUGKOAOTEPOG ETva
CUOONUOTIKOTEPOS) TOL TPAOTOV APO TPOTIUNTEOSG KO AVTO V10T UE TOV TPADTO TPOTO OTAMG
dmoT@VoLHE OTL aANBevEL KATL TOV KATOL0G GALOG BprKe OTL 1GYVEL , EVOD LLE TOV OEVTEPO TPOTO
OVOKOAVTTTOVUE EAVEL TIG OKEYELS TOL £KAVE O KATOOKEVOGTNG TNG AOKNONG DGTE VO KOTAANEEL GTO
devTEPO HELOG Kot £TGL VO TPOTEIVEL GTOV AVTN TNV amOdEEN TG 106t ToC . 'EYovpe Aomov :

(0= B)-(a + B)-(B* + @) = (a® = B*)° = (o = B*)-( B* + &’) — (" = B?)° =

=t =B = (o + B =202 PP ) =0t — B — ot — B+ 2.0 B = 202 B - 2B =

=2B(0’ B — B =2p:(c’ + &*B - o’ = B7) = 2-B-Lor(a + B) — (o’ + ).

[Mopathpnoe 611 6710 €kt Prina Bydlovpe kowvd mapdyovta Oyt to 2B dAAda to 23 , dniadn exeivo
OV pog evolapépet va eppavicdel , kabog emiong oto £Bdopo e TpocHagalp®d To o OGTE va
enpavicbel cav 6pog otV aykOAN.

[Mopaderypo 8

2 2
+
No amoderydei o6t : (%+1J —(é-i-lj :(a P
a

Amdoedn
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(s p) a=p)_(aepf (e A)ap) (e DV A=) (oo (@)
e ,32 o’ _ﬂz e -,6'2 o’ B
(s p) | F :(a+ﬂ)2.(i-i (a4 B (e B =
az_ﬂz az_ﬂz ﬂz 2 2 e
(a-i—ﬂ] (a+,5’j2 _ [ZHJZ [Hﬁjz
B a B a
[Mopdderypo 9
No derydei ) tavtotra - o +(a® + B2)-(o + B)* = (o + o-f + p)°.
AmodeIEn

o B+ (o + B (0 + PP+ 2:aB) = o8P+ (0F + B7) + 2-0Be(a’ + BF) =
AR R R e G TR

No amoderydei ot :

(o + B)(o+ 2B)(e + 3B) + B* = (o + 30p + B )’

[Tapdderypo 10

Na amoderyBei ot : a-(a + B)-(a+ 2-B)-(a + 3-B) + [34 = ((12 + 30 + Bz)z.

AmodeIEn

(@t B)(a+2:B)-(o+3-p) + ' = (o + a-p)( o’ + S-aBp+ 657 + B’ =

=a'+ 50 B+ 6-a>p+ P+ 50t p+ 6B+ P =at + B+ 2-07pF+ 6-0P + 60 + 9.7 P =
= (@ ) T 6af(o’ + )+ 9B = [(o + ) + 3B = (o +30f B

Iopdadsypo 11

Noa arodetydei n tavtdTTA :
ol + B+ (a+ B) =2-02F7 + 2:( + B)-(0 + )’ =2-(o’ + oa-p + B’

Amdoeén
ol + B+ (a+ B = (o + B7) - 2:07 B2 + (o7 + B+ 2-a-B) =
=2:(o7 + )’ + daB( @’ + B?) + 20>p7 = 2.7 + 2:(o” + B7)-(a + B)*.

0(4 + B4 + 2(1 + B)4 — (az + BZ )2 _ 2'(12'[32 + (az + BZ + 2'(1_[3)2 —

_ (a2 T Bz)z _ 2_(12,[32 + ((12 + Bz)z T 4,(1.[3.((12 T Bz) T 4,(12_[32 _

=2:(o + B* )’ + 40-B-(o + P7) + 2-0°p7 = 2:[(0° + 7 )’ + 2-0-B) (0’ + B7) + o B7 ] =
=2[(o” + B*) + B’ = 2:(c” + B + B ).

[Mopaderypo 12

Noa detybel n tavtdOTTO
a(B+y)’+ By + @)’ +y(a+PB)’ —4ap=(atB)B+y){+a.

AmodeIEn

(B +y)* + By + @) +y-(o + B)* — 4By =

=y-(a+ B’ + (B’ + v +2:By) + (o’ + 47 + 20y) — 4Py =

=y-(o+ 5)2 + OL~B2 + a.y2 +2-a-py+ az.B + B"Yz +2-0-By — 40Py =

=y(a+B)* + oB(a+ B) +y> (o + B) = (o + B)[y-(a+P)+aB+y’]=

= (a+B) (ay + By + B +v)) = (a+ B)[y-(y+a) + By + )] = (a+ P)(y + )P +7).
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HHoapddstyuo 13

Noa oeryfel n tavtoéO™TO

=) B-N+E-P -+ x -1 @=p) =@-BB-NF -0

AmodeIEn
x-—a)>B-7)+x-B -+ (x-y)(a-p)=
=x-0)(B-7)+ (&= 2px+B) (¥ —a)+ (X’ - 2yx +¥)(a—B)=
=(x— o) (B-7) Ty - 0)x’ = 2Bx(y — o) + By — @B’ + (4 — P)x’ = 2yx-(0 = ) + -y’ — By’ =
=(x- ) (B-7)+ [y -+ (@— P’ - 2x[p(y— o) +y-(a—P)] + By (B-7) — (B’ -7’ ) =
=(x-0)B-7)-B-7)x-2xBy-aptay—py)+pyrB-1) -a@+y(B-y) =
=x-a)(B-y) - (B-Px+2xa(B-y)- o B-y) +a(B-7)+
By (B-v-—a@BtyPB-v)=
=x-a)PB-7)-B-n-2ax+a)+ o B-y) +By(B-v)-a(B+y)-B-7)=
= (B—y) +ByB-v)—aB+B-v)=@B- [ +By—a B+y)]=
=B -y +By—ap—ay=(B-7y)[a(a—B)-y(a—B)]=((a—B)B-7)@-7.

[Mopaderypa 13

Na deiybel n tavtodOT™TO -
o-(B+y) + By o) + (ot B+ 3-aBy=(a+ B+y)(ap+ By +ya)

AmdoeEn

o (B+y) + By + @) +y (et )+ 0By =

= o’ B+ aly+ Py + B’y + By + Byt aBy oy =

=ap(at Bty +toy(atBty) HBy(at+P+y)=(@+p+y)(p+py+yo).

Iopdadsryua 14

No dety0ei n towtomta: (o + B ) +a' + ' =2-(o® + o-p + p* )™

AmodeIEn

Apkei va amodeiovpe ot : 2-( o + a-p + p* )’ — ot — Bt = (a + p)*

Hpayuom sxouus

2(a +aB+B) B—(a +aB+B) a+(a +0c[3+[3) [3—
=(a’+ap+p’ - a)(a +GB+B +0t)+(0t +a-p+p’ - B)(a +GB+B +p*) =
= (0B + BAa(a+ B) + (o2 + BT + (@ + oeP)[B-(o+ B) + (> + B2)] =

= B(o+ B)o-(a+ B) + (o + )] + ax(a+ B [B(a+ B) + (o + B7)] =

= 0:B-(a+ B)* + Br(a+ B)-(o + B7) + a-B-(a + B)* + a(a+ B)-(o + B)* =
=2-a-B-(a+ B )’ + (a+ B (a’ + B7) = (a+ B)*[(oa* + B ) + 2-a-B] =

= (a+ B (a+p)’=(a+p).

1
Tavtdmreg mov mepi€yovy v mocdTNTO T = 5 (o +B+y).

Hopdderyuo 15

Noa oerybel ot :
2@ -0)@-P-r-1) + e -Ba-y) +pE-0-E-P+yG-a)-p)=upy.

AmodeIEn

2(t-o)(-Pra-Nta-p)a-7)+pr-0)-y) ty(-o)-p)=
=(-P)-y2-w)ta+t@-—a)B-y)+y-P)I]=
=(-Prr-y2r-2atw)+(T-a)PBr-Py+tyr-py)=
=(-P-Cr-a)+(t—a)[tB+y)-2pv]=

AMG 2Tt—a=B+y
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=B+tGE-Pr-+tr@-a)PB+y) -2pyErT-a)=
=B+[-Ppa-v+tr@E-0)]-2By(t-a)=

=@B+y) [P -@B+y)r By +T—ro] - 2py(t—a)=

B+ - (@t B+y)T— 2Pyt —0)=(B+y)[27 - 277+ By) - 2By(t— ) =
ByB+v)-2By(r-)=By[(B+Y)-2-t-)]=ByPB+y-21+2-0)=
=By2t-a—-21+2:a]=0aPy

[Mopaderypa 16

No amodeydei otL: (t—a ) +(t— B +(t—7) +3-a:py="1".

Amdoeén
Oo YPNCILOTOUCOVLE TNV TAVTOTNTO :

(@+B+y)’°=a’+ B+ +3(a+B)(B+7)(y+a), dpu

o + B3 + y3 =(a+p+ y)3 = 3-(a+B)(P+7)(y+ a), Bétoviec 6mOL 0. TO T — 0., B TO T — B KO HTTOV
ytot—7v.Tote éxovpe :

(-’ +(1-Pp) +Hr—-7y)’ =
=[G-)+@-P+a-PF-3a-a)+@-PHE-P+@-PHE-nN+ET-w)]=
[Bt-(+B+y] -321-(a+PIR21-B+YI2T-+a)]=7 - 3yap.
Apa:(t-a)+(1-B)+(1-y) = -3yape@-a)’+@-p)’+ -7’ +3apy=1"

Mopaderypo 17

No amodeydei otz 2--y + (B2 +v* — o ) =4-1-(1 — ).

Amdoedn

4r(t-0)=212(1t-0) =221 -2-0)=(a+B+y)[(a+P+ty)-2-a] =
=(@+B+Y)-B+y-)=[(B+N+aol[B+1) —a]l=B+y)] -’ =p+y"+2-py=
= 2By + (B - o).

[Tapdderypo 18

No amoderyfei o0t : t(t— o) + (t — B)-(t—y) = B-y.

Amdoedn
e
:(a+,B+y)(a+,8+y—2a}+[a+ﬂ+7—2ﬂj(a+ﬂ+7—27j:
2 2 2 2

=%(a+,B+7/)~(ﬂ+y—a)+%~(a+7/—,B)-(a+ﬂ—]/) =

1 2 2 1 2 2 1 2 2 2 2
=Z[(ﬁ+7) —a }7'[“ ~(B-7) } =Z[(ﬁ+7) ~a’+a’—=(B-7) } =
Zi[(ﬂw)z—(ﬂ—ﬂz} Z%-4-ﬂ-7=ﬂ-7-

[Mopdaderypo 19

No amodeyei 61t : a-(B —7)-(t — a)* + B-(y — 0)-(t — B)* + y-(a — B)-(t —y)* =0

AmodEIEn

Mo v anddeién g TpodTacnS Ba YPNGUYLOTOGOVUE TIG TOVTOTITES
aB-+py-a)+y(@-p)=0

o>-(B—7)+ By — @) + v (@ = B) =—(a - BB -1)-(y - o) =

= B-1+F -0 +y(@-p)=—-B)B-1-(y-0)(a+p+y) =
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=a(B-y)a-a) +By-0a)r@-B)Y+y@-pra-y7’=

=B -y - 2va+ o))+ By — a)(@ - 2B + ) + y(a - )T - 2Ty + 7)) =

_ |:< a(B-y)+B(r—a)+y(a-p) /:|'T2 _22_.|:\ az(ﬂ—y)+ﬂ2(y—a)+72(a—ﬁ) ,:|+|:< a3(ﬁ—}/)+ﬁ3(y—a)+y3(a—ﬂ) \jl _
0 Ha=)(p7)r-a) Ha=P)B7)r-a)asp+7)

=200 —By(B -7~ ) — (@ BB -y~ a)2t =0,

[Mapdaderypo 20

Noa amodetydel ot 1oyvet :

(0 + B+ 77’ = (0P + By +y-a) =(a’ = py)* + (B - o)’ + (v° - o)’
Amdoedn

E@appoyn mg tavtotrog Lagrange :

a By

Xy o

2 2

Bl By
y |y o

O¢tovpe 6mov X to B, dmov y TO ¥ KoL 61OV ® TO O . TOTE YOV E :
a By

By a
(a2+B2+vz)-(B2+vz+a2)—(a-B+B-v+v-a)2=‘a o
B vl \r a |a p

= (0y =B+ (@B =)’ + By — )’ = (@ = py)’ + (B —y0)’ + (v — ).

Yy «

2
a
@+ B )¢+ +07) — (0x+ By +ro) = ‘ Ho ]
@ X

2 2

2
+ +

[Mapdderypo 21

Noa amodetydei ot :
(a+B) -3ap@a+p-1)-1=(a+p—-D(*+p*—ap+a+p+1).

AmodEIEn

(@+p)y =3op@+p-1)—1=a’+p +3-0p(a+p)—3-0p(@+p) +3up-1=

=+ - 1+3ap=0’+p +(-1) = 3-ap(-1)=

=(a+B-D[a?+p*+ (1) —aP-oa(-1)—B=D]=(a+p—-1)(c*+p*+ 1 -0 +o+p).

(E@appoyn g tavtoéttog Eulpl :
o’ + By = Bapy=(at Py + v —ap-py-v0)

[Tapdderypo 22
Avx=aP-7v),y=B({ —-0a),®=y(aa—P), pe a-P-y # 0 t6te va. amodeiete OtTL 1oYVEL:
3 3 3
—3+y—3+a)—3=3-X y @
a py a-f-y
Amdoedn
X
—=p-y
x=a(f-ry a
y=8(r-a);= lz}/—a SN A
B a y
o=y(a-p) |
Z=a-p
/4




1° TEA TITOAEMAIAAX ITOAYXPONIAAHX NIKOAAOX

3 3 3 3 3 3
(iJ +(lj +(ﬁj :3-X y-@ :>X—3+y—3+a)—3:3-X y @
a B /4 a-B-y By a-B-y

[Mapdderypo 23

Q

Ava+PB+y=6,0 +B +vy =36, aPpy=6, 101e va vohoyioete 10 GOpotopa o + B2+ v’ =;

Amdoedn

(@+B+y) =a’+ > +y +2(cp + By +v0), bpa

of + By = (@t By’ = 2:(@P+ By +y-a) =36 - 2:(a-B + By +y-0),
Apa o + B* +97 + 2o+ Py +y0) = 36.

Onog: o’ + B>+ = 3-aBy=(a+B+y)-(o+p +y —ap-py—ya)=
=36-36=06[(’+p +v) — (@ + By +ya)l,

Apa: (o + B +y7) = (0 + By + y-a) = 3.

Oétovpe :x = 0o’ + P2 +y  kony = a-p + By + ya.

Tote épovpe: {x+2-y=36xkux—-y=3}={x=14, y=11}.

Apa o + B*+ 7 = 14.

(TavtdtTeg VIO GLVONKEG)

[Mapdderypo 24
Ava+PB+vy=0, vo arodeifete 6t : (a-p + By + y-0)* = o 2B + pAy* + ya.
Amdoeen

(0B + By +y-o)’ =a’p’+ By’ +y0a’ + 2-0p%y + 20y’ + 2:07 By =
= o> + Ay +yho’ + 20 By(at Bty) =a’ Bt By el

[Tapdderypo 25

Edva+ B +vy=0, 161 va vroroyicete Vv mapdotoon :
1 1 1
- 2 Py T35
2"+ Py 20 +ya 2y +af

Amdoeen

Agod o+ B +y=0=y=—a—p=By=—ap—p’, pa

202+ By =202 — af— 2= o — @B + o2 — B = (o — ) + (@ + By (a— ) =
=(@-p)2-atp)=(a-P)atatp)= [atB="--==7]
=(@-P)a-y)=-(a-Pp)y-o.

Apo n Tapdotoon yiverat :

[Tapdderypo 26

Ava+p+7y=0,va aroderydel 6ti 10(OOVY 01 GYEGELS :
D). o’ =By =P —ay.

. 1

ii).o” =By =~ (0’4 By

iii).y? = o + 2-a:p + B2

AmodeIEn
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). loyber:a+pf+y=0=a+P=-y=> [ toMCo pe (o —P) ]
= (@ =B+ B) = (@ —B) =0’ ~ B =—ay + py = o’ ~ py =P’ - .

i) Ioyoet:a+p+y=0=>a=-B+y) =’ =[P+ =’ =p* +2py+7y =
=20’ =0+ B Y+ 2By = 207 - 2Py =+ Py S 2 - py) =+ Y =
== Py= (@t ),

iii). Ioyvet: a+p+y=0=>y=—(a+P) =7y =[- (0 + P =y*=o’+2-a-p + p

[Tapdderypo 27

1 1
Edv woyoer: —+—+— =0, pe a-p-y # 0 t61¢ :
a By

1). Na amodeiete 0t : a-f + By +y-a=0.
,B+7+]/+a+a+ﬂ.
a p /4

i1).Na vroloyicete v mapdoctoon : A =

AmodEIEn

1). Eyxovpe : l+%+l =0= a-ﬂ+ﬂ-7+7-a:0 Sapf+py+tya=0=aP+py+ya=0
a

/4 a-p-y

a-p - a+ﬂ:_a-ﬂ.

/4 4 /4

i).afp+py+tyoa=0=y(a+P)=—aPf-apfp=>a+p=-

Opoimg KukAkd avTikafioT®VTog , £(OVLE :
Ao By ra ap _ _(ﬂ-7+%a+a-ﬂj I S e
2

e B % e B v o’ By
( Xpnowomowovpe v Tavtotnta Euler)
3-(ap)-(Pr)-(r2)

A=— 0(2-,32']/2

=A=-3.

[Tapdderypo 28

@ + 'H + Y .
aff+a+l pr+p+1 ya+y+1

Edv a-B-y =1, va vmoroyicOei n mtapdotaon : A =

AmodEIEn
Mertaoynpatifovpe 10 Tp@OTO Kot TPito KAACUE OCTE AVTA VO, YIVOUV OUGVULLOL
TOV 0e0TEPOL @ [apoD oydet a-f-y =1 ]

a _ a B a B 1
aﬂ+a+1_aﬂ+a+aﬂ7/_a(,b’+1+ﬂ}/)_,b’+1+,b’}/'
y __r v P
yoa+y+1 l+7+1 1+B8y+B 1+Br+p
p
_ a ﬂ V4 1 ﬂ ﬂ?’ _1+ﬁ+ﬂ7=1.

+ + = + + =
aoff+a+l pr+p+1 ya+y+1 Pr+p+1 PBr+p+1 pBr+p+1 pPr+p+1
Apa:A=1




